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LIOUVILLE THEOREMS FOR A FAMILY OF VERY DEGENERATE
ELLIPTIC NON LINEAR OPERATORS.
ISABEAU BIRINDELLI, GIULIO GALISE, FABIANA LEONI
Abstract. We prove nonexistence results of Liouville type for nonnegative viscosity solu-
tions of some equations involving the fully nonlinear degenerate elliptic operators P±k , defined
respectively as the sum of the largest and the smallest k eigenvalues of the Hessian matrix.
For the operator P+k we obtain results analogous to those which hold for the Laplace operator
in space dimension k. Whereas, owing to the stronger degeneracy of the operator P−k , we
get totally different results.
1. Introduction
We study the existence of nonnegative viscosity either solutions or supersolutions of fully
nonlinear elliptic equations of the form
(1.1) F (D2u(x)) = 0 in RN ,
or
(1.2) F (D2u(x)) + up(x) = 0 in RN ,
or
(1.3) F (D2u(x)) + up(x) = 0 in RN+ ,
where p > 0, RN+ is any halfspace and F is either P
−
k or P
+
k . Here P
−
k and P
+
k are second
order degenerate elliptic operators defined, for a positive integer k ∈ [1, N ] and any symmetric
N ×N matrix X, by the partial sums
(1.4) P−k (X) =
k∑
i=1
λi(X) and P
+
k (X) =
N∑
i=N−k+1
λi(X)
of the ordered eigenvalues λ1(X) ≤ · · · ≤ λN (X) of X.
When k = N these operators coincide with the Laplacian. In this case, for equation (1.1)
the results go back to the classical ones of Cauchy and Liouville, whereas, for equations (1.2)
and (1.3) where the reaction term up is included, they have been started respectively by Gidas
and Spruck in their acclaimed work [13] and by Berestycki, Capuzzo Dolcetta and Nirenberg
in [4] and by Bandle and Levine in [3].
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In the present paper we focus on the degenerate cases k < N . We will see that the existence
or lack of existence is quite different depending on whether one considers P−k or P
+
k . We collect
our main results in the following statements and then we will give some comments.
The first theorem concerns equation (1.1).
Theorem 1.1. Let k < N be a positive integer.
(1) For F ≡ P−k , there exist nonnegative classical solutions of (1.1) which are not con-
stants.
(2) For F ≡ P+k if u is a nonnegative viscosity supersolution of (1.1) and k = 1 or k = 2,
then u is constant. If k > 2 there are nonnegative classical supersolutions of (1.1)
which are not constants.
For equation (1.2), we separate the results concerning F ≡ P−k and F ≡ P
+
k .
Theorem 1.2. Let k < N be a positive integer and let F ≡ P−k .
(1) For any p > 0 there exist nonnegative viscosity solutions u 6≡ 0 of (1.2).
(2) For any p ≥ 1 there exist positive classical solutions of (1.2).
(3) For p < 1 there are no positive viscosity supersolutions of (1.2).
We observe that any nonnegative supersolution of (1.2) is in turn a supersolution of (1.1).
Hence, the Liouville property for equation (1.2) with F ≡ P+k directly follows from Theorem
1.1-(2) in the cases k = 1 and k = 2. For the remaining cases we have the following result.
Theorem 1.3. Let 2 < k < N be a positive integer and let F ≡ P+k .
(1) For 0 < p ≤ k
k−2 the only nonnegative viscosity supersolution of (1.2) is u ≡ 0.
(2) For p > k
k−2 there exist positive classical supersolutions of (1.2).
(3) For p ≥ k+2
k−2 there exist positive classical solutions of (1.2).
(4) For p ∈ ( k
k−2 ,
k+2
k−2) there are no radial positive classical solutions of (1.2).
As far as solutions in the halfspace are concerned, our results read as follows.
Without loss of generality, henceforth we set
R
N
+ =
{
(x′, xN ) ∈ R
N : xN > 0
}
.
Theorem 1.4. Let k < N be a positive integer. For any p > 0 there exist nonnegative
bounded viscosity solutions of
(1.5) P−k (D
2u(x)) + up(x) = 0 in RN+ , u = 0 on ∂R
N
+
and such that
(1.6) lim sup
xN→+∞
u(x′, xN ) > 0 uniformly w.r.t. x
′ ∈ RN−1 .
Theorem 1.5. Let k < N be a positive integer. If k = 1 and p > 0 or k > 1 and p < k+1
k−1 ,
then there does not exist positive viscosity supersolutions of the equation
P+k (D
2u(x)) + up(x) = 0 in RN+ .
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Let us recall that the operators P±k have been initially introduced in connection with
Riemannian geometry. In particular, they have been considered by Sha in [19] when studying
k convex manifolds, while the case of manifolds with partially positive curvature was seen by
Wu in [20]. They have been exhibited also in [10, Example 1.8], as examples of fully nonlinear
degenerate elliptic operators, and they also appear in the level set approach to mean curvature
flow of manifolds with arbitrary codimension developed by Ambrosio and Soner in [2]. More
recently, in a PDE context, we wish to recall the works of Harvey and Lawson [14, 15] that
have given a new geometric interpretation of solutions, while Caffarelli, Li and Nirenberg
in [7] in their study of degenerate elliptic equations, give some results concerning removable
singularities along smooth manifolds for Dirichlet problems associated to P−k . See also [1, 12]
for the extended version of the maximum principle and [5] for regularity and existence of
the principal eigenfunctions. We further recall that existence of entire sub/supersolutions of
equations involving P±k and having different lower order terms have been studied in [8, 9].
A connection between the existence of solutions relative to P±k and the existence of solutions
relative to Laplace operator in dimension k may be expected by the definition of the operators
P±k itself. As a general fact, we notice that if v is a function of k variables and we consider it
as a function of N > k variables just by setting u(x1, . . . , xN ) = v(x1, . . . , xk), then one has
P+k (D
2u) ≥ ∆v ≥ P−k (D
2u) ,
and P+k (D
2u) = ∆v if and only if v is convex, as well as P−k (D
2u) = ∆v if and only if v is
concave. This remark does not lead to any immediate extension of existence/non existence
results for Laplace operator in dimension k to analogous results for operators P±k . On the
other hand, if u is a function of N variables satisfying P+k (D
2u) ≤ 0 (or P−k (D
2u) ≥ 0),
then ∆u ≤ 0 (respectively ∆u ≥ 0). This implies that the nonexistence results relative to
supersolutions of the Laplace operator immediately extend to nonexistence results for P+k .
In the present paper we prove stronger results. The thresholds we found for P+k are those
that correspond to the Laplace operator in dimension k. Indeed, we can adapt the techniques
developed in [11, 17] for fully nonlinear uniformly elliptic operators in Rk to get our results
of Theorem 1.1-(2), Theorem 1.3 and Theorem 1.5, each time paying attention to the order
of the eigenvalues of the Hessian matrix of the involved test functions.
On the other hand, the statements of Theorem 1.1-(1), Theorem 1.2 and Theorem 1.4 for
operator P−k drastically differ from the analogous ones in the uniformly elliptic case, and they
are obtained by using ad hoc constructions of explicit solutions. The diversity of results for
the two operators is not surprising if one takes into account the stronger degeneracy of the
operator P−k with respect to supersolutions, which causes for example the failure of the strong
minimum principle, see e.g. [5].
Let us conclude with a final remark. In Theorem 1.3 we excluded the existence of radial
solutions of equation (1.2) for p ∈ ( k
k−2 ,
k+2
k−2), but the question of existence of non radial
solutions is left open. This is clearly related to the more general question of radial symmetry
of positive solutions for the equation
P+k (D
2u) + f(u) = 0 (or P−k (D
2u) + f(u) = 0) in RN .
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Let us mention that the usual proof for semilinear elliptic equations based on the moving
planes method, highly relying on the strong maximum principle, seems not to apply to the
operator P+k .
2. Preliminaries
The operators P±k are elliptic second order operators which degenerate in any direction,
i.e. for any ξ ∈ RN such that |ξ| = 1 then
(2.1) min
X∈SN
(
P±k (X + ξ ⊗ ξ)− P
±
k (X)
)
= 0.
To prove (2.1) just take X = 0 in the case of P−k and X = −ξ ⊗ ξ for P
+
k , then use the fact
that spec(ξ ⊗ ξ) = {0, . . . , 0, 1}. They can be equivalently defined either by the partial sums
(1.4) or by the representation formulas
P−k (X) = min
{
k∑
i=1
〈Xξi, ξi〉 | ξi ∈ R
N and 〈ξi, ξj〉 = δij, for i, j = 1, . . . , k
}
P+k (X) = max
{
k∑
i=1
〈Xξi, ξi〉 | ξi ∈ R
N and 〈ξi, ξj〉 = δij , for i, j = 1, . . . , k
}
,
see [7, Lemma 8.1]. It is then easy to see the superadditivity/subadditivity properties
(2.2) P−k (Y ) ≤ P
±
k (X + Y )−P
±
k (X) ≤ P
+
k (Y ).
Theorem 2.1 (Strong Minimum Principle). Let Ω ⊂ RN be a domain and let u ∈
LSC(Ω) be a viscosity supersolution of P+k (D
2u) = 0 in Ω. If u achieves its minimum in the
interior of Ω, then u is a constant.
Note that the previous theorem fails for P−k , see [5].
We conclude the section with two lemmas. They will be used respectively in sections 3-4.
Lemma 2.2. Let f ∈ C1([0,+∞)) such that f(u)f ′(u) ≥ 0 for u ≥ 0. Then, for any R ≤ +∞
and any solution u ∈ C2([0, R)) of
(2.3) k
u′(r)
r
= −f(u) in (0, R) and u′(0) = 0,
the radial function v(x) = u(|x|) is a solution in BR of
P−k (D
2v) + f(v) = 0.
Proof. Since
u′′(r) =
−f(u)
k
+
r2
k2
f ′(u)f(u) ≥
u′(r)
r
using (2.3), we deduce that
P−k (D
2v(x)) = k
u′(|x|)
|x|
= −f(v(x)) if x 6= 0
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and
P−k (D
2v(0)) = ku′′(0) = −f(v(0)).

In the section 4 we will use explicit classical subsolutions of type ϕ(x) = xNf(|x|), whose
Hessian is
D2ϕ(x) = f ′(|x|)
[
eN ⊗
x
|x|
+
x
|x|
⊗ eN
]
+ xN
[(
f ′′(|x|)−
f ′(|x|)
|x|
)
x
|x|
⊗
x
|x|
+
f ′(|x|)
|x|
I
]
.
The computation of the eigenvalues is straightforward. We have (see also [17, 18])
Lemma 2.3. Let ϕ(x) = xNf(|x|) such that f ∈ C
2((0,+∞)) and x ∈ RN+ . Set
b = xN
(
f ′′(|x|)−
f ′(|x|)
|x|
)
, c = f ′(|x|), d = xN
f ′(|x|)
|x|
.
Then the eigenvalues of the D2ϕ(x) are:
• d with multiplicity (at least N − 2) and eigenspace span {eN , x}
⊥
;
• d+
b+ 2cxN|x| ±
√(
b+ 2cxN|x|
)2
+ 4c2
(
1−
(
xN
|x|
)2)
2
.
In particular the ordered eigenvalue of D2ϕ are
λ1(D
2ϕ) = d+
b+ 2cxN|x| −
√(
b+ 2cxN|x|
)2
+ 4c2
(
1−
(
xN
|x|
)2)
2
λ2(D
2ϕ) = . . . = λN−1(D
2ϕ) = d
λN (D
2ϕ) = d+
b+ 2cxN|x| +
√(
b+ 2cxN|x|
)2
+ 4c2
(
1−
(
xN
|x|
)2)
2
.
3. Entire solutions
3.1. Entire solutions of P±k . In this subsection we prove Theorem 1.1. Concerning F ≡ P
−
k ,
the result is immediate since for any nonconstant convex function f ∈ C2(R; [0,+∞)) and
i ∈ {1, . . . , N}, u(x) = f(xi) is an entire nontrivial solution of
P−k (D
2u) = 0.
Instead, when F ≡ P+k the proof is more involved and uses the three circles of Hadamard
principle. The fundamental solutions of the operator P+k , namely the classical radial solutions
of the equation
(3.1) P+k (D
2ϕ) = 0 in RN\ {0} ,
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are defined by
(3.2) φ(x) =


−c1|x|+ c2 if k = 1
−c1 log |x|+ c2 if k = 2
c1|x|
2−k + c2 if k > 2,
with constants c1 ≥ 0 and c2 ∈ R. We notice that differently from the uniformly elliptic case
k = N , there are not concave and strictly increasing radial solutions of (3.1).
Henceforth for any supersolution u ∈ LSC(BR) of
P+k (D
2u) = 0 in BR
we set m(r) = minx∈Br u(x). By definition the function r ∈ [0, R] 7→ m(r) is nonincreasing
and lower semincontinuous. Following [11, Theorem 3.1] we have a nonlinear version of
Hadamard three circles theorem for P+k .
Theorem 3.1. Let u ∈ LSC(Ω) be a viscosity supersolution of P+k (D
2u) = 0 in a domain
Ω ⊇ Br2 . Then for every fixed 0 < r1 < r2 and any r1 ≤ r ≤ r2 one has
(3.3) m(r) ≥


m(r1)(r2 − r) +m(r2)(r − r1)
r2 − r1
if k = 1
m(r1) log
(
r2
r
)
+m(r2) log
(
r
r1
)
log
(
r2
r1
) if k = 2
m(r1)(r
2−k − r2−k2 ) +m(r2)(r
2−k
1 − r
2−k)
r2−k1 − r
2−k
2
if k > 2.
In the cases k = 1 and k = 2 the fundamental solutions blow down to −∞ for |x| → +∞.
This allows us to obtain the following Liouville type result, more general of that expressed in
Theorem 1.1-(2) since we are not going to assume u ≥ 0.
Theorem 3.2. Let u ∈ LSC(RN ) be a viscosity supersolution of
(3.4) P+k (D
2u) = 0 in RN
for k = 1 or k = 2. Assume that
(3.5)


lim sup
r→+∞
m(r)
r
≥ 0 if k = 1
lim sup
r→+∞
m(r)
log r
≥ 0 if k = 2.
Then u is constant.
Proof. Send r2 → +∞ in (3.3) and use the assumption (3.5) to obtain m(r1) = m(r) for
any 0 < r1 < r. By lower semicontinuity u(0) = limr1→0m(r1) = m(r), hence the strong
minimum principle yields u ≡ u(0). 
LIOUVILLE THEOREMS 7
To finish the proof of Theorem 1.1-(2) we exhibit nontrivial bounded supersolutions of (3.4)
in the case k > 2:
u(x) =
{
1
8
(
k(k − 2)|x|4 − 2(k2 − 4)|x|2 + k(k + 2)
)
if |x| ≤ 1
|x|2−k if |x| > 1.
Remark 3.3. The assumption (3.5) cannot be weakened. As a matter of fact for any ε > 0
the functions
u1(x) =
{
ε
8
(
|x|4 − 6|x|2 − 3
)
if |x| ≤ 1
−ε|x| if |x| > 1
and u2(x) =

ε
(
|x|4
4 − |x|
2 + 34
)
if |x| ≤ 1
−ε log |x| if |x| > 1
are respectively nontrivial classical solutions of P+k (D
2u) = 0 in RN for k = 1 and k = 2.
Nevertheless
lim
r→+∞
m(r)
r
= −ε and lim
r→+∞
m(r)
log r
= −ε.
We finally observe that Theorem 3.1 gives (for r2 → +∞) the following
Proposition 3.4. Let u be a nonnegative supersolution of (3.4). Then for k ≥ 2 the map
(3.6) r ∈ [0,+∞) 7→ m(r)rk−2
is nondecreasing.
3.2. Entire solutions of P−k (D
2u) + up = 0.
Proof of Theorem 1.2. (1) Let p ∈ (0, 1) and let R > 0. We prove that the radial function
u(x) =


[
1−p
2k
(
R2 − |x|2
)] 11−p
if |x| ≤ R
0 elsewhere.
is a nonnegative viscosity solution of (1.2).
First we note that u ∈ C1(RN )∩C∞
(
R
N\ {x : |x| = R}
)
and u ∈ C2(RN ) if p > 12 . Moreover
by a straightforward computation u is a classical solution of
P−k (D
2u) + up = 0 in RN\ {x : |x| = R} .
Now we prove that u satisfies this equation also in {x : |x| = R} in the viscosity sense. Fix
x0 such that |x0| = R.
u is a subsolution. If p < 12 there are no C
2 test functions touching u by above at x0, so
we have nothing to prove. If otherwise p ≥ 12 and ϕ ∈ C
2(RN ) is such that
0 = (u− ϕ)(x0) ≥ (u− ϕ)(x) ∀x ∈ Bδ(x0)
for some positive δ, then ϕ has a local minimum point at x0 and hence D
2ϕ(x0) ≥ 0. It
follows
P−k (D
2ϕ(x0)) + ϕ
p(x0) ≥ 0.
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u is a supersolution. Suppose instead that
0 = (u− ϕ)(x0) ≤ (u− ϕ)(x) ∀x ∈ Bδ(x0)
for some positive δ. We claim that
(3.7) λN−1(D
2ϕ(x0)) ≤ 0,
from which the conclusion follows. To prove (3.7) we use the variational characterization
(Courant-Fischer minmax theorem)
λN−1(D
2ϕ(x0)) = min
V
max
ξ∈V : |ξ|=1
〈
D2ϕ(x0)ξ, ξ
〉
where the minimum is taken over all possible (N − 1)-dimensional subspaces V of RN . Let
W := 〈x0〉
⊥. Clearly dimW = N − 1. Moreover for any ξ ∈ W such that |ξ| = 1 and
t ∈ (−δ, δ), we have
0 = u(x0 + tξ) ≥ ϕ(x0 + tξ)
= ϕ(x0) + 〈Dϕ(x0), tξ〉+
1
2
〈
D2ϕ(x0)tξ, tξ
〉
+ o(t2)
=
1
2
t2
〈
D2ϕ(x0)ξ, ξ
〉
+ o(t2).
Here we have used the facts that ϕ(x0) = u(x0) = 0 andDϕ(x0) = Du(x0) = 0 since ϕ touches
u by below at x0. Dividing by t
2 6= 0 and letting t → 0, we deduce that
〈
D2ϕ(x0)ξ, ξ
〉
≤ 0
for any ξ ∈W such that |ξ| = 1. Then
λN−1(D
2ϕ(x0)) ≤ max
ξ∈W : |ξ|=1
〈
D2ϕ(x0)ξ, ξ
〉
≤ 0
as we wanted to show. The case p ≥ 1 is included in (2).
(2) For p ≥ 1 we make use of Lemma 2.2 with f(u) = up. Indeed for p > 1 the function
u(|x|) =
[
2k
(p− 1)(µ + |x|2)
] 1
p−1
satisfies (2.3) for any µ > 0. A similar conclusion holds in the case p = 1 with
u(|x|) = µ exp
(
−
|x|2
2k
)
.
(3) By contradiction let u be a positive viscosity supersolution of (1.2) and p ∈ (0, 1). Let
v = 11−pu
1−p as in [6]. Then
D2v = −pu−p−1∇u⊗∇u+ u−pD2u ≤ u−pD2u
and
P−k (D
2v) ≤ −1 in RN .
This in particular implies that for any R > 0 the unique solution of{
−P−k (D
2wR) = 1 in BR
wR = 0 on ∂BR
satisfies wR ≤ v for any R. But this is a contradiction since wR(x) = −
|x|2
2k +
R2
2k . 
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Remark 3.5. Concerning Theorem 1.2-(3), it is worth to point out that the nonexistence
of entire supersolutions continues to hold for p ≤ 0. By contradiction let u be a positive
supersolution of (1.2). Then v = 1
u
satisfies in the viscosity sense
D2v = −
D2u
u2
+
2
u3
∇u⊗∇u ≥ −
D2u
u2
and, using the monotonicity of P+k ,
P+k (D
2v)− v2−p = 0 in RN .
Since p ≤ 0, we obtain a contradiction to the the Keller-Osserman type result of [8, Theorem
1.1 and Corollary 3.6].
3.3. Entire solutions of P+k (D
2u) + up = 0.
Proof of Theorem 1.3. (1) Let 2 < k < N and let 0 < p ≤ k
k−2 . Following [11, Theorem
4.1], we suppose by contradiction that u > 0 is a viscosity supersolution of
(3.8) P+k (D
2u(x)) + up(x) = 0 in RN .
For r > 0 let ϕ(|x|) = m(r)
[
1−
[(|x|−r)+]
3
r3
]
. The difference u − ϕ attains its minimum at a
point xr such that r ≤ |xr| < 2r. Using (3.6),(3.8) we have
(3.9) mp(2r) ≤ up(xr) ≤ −k
ϕ′(|xr|)
|xr|
≤ 3k
m(r)
r2
≤ C
m(2r)
r2
where C = 3k2k−2. If 0 < p ≤ 1 we obtain the contradiction
r2 ≤ Cm1−p(2r) ≤ Cu1−p(0) ∀r > 0.
If p > 1 then from (3.9)
(3.10) m(2r)(2r)k−2 ≤
C
r
k−p(k−2)
p−1
,
with C = (3k2p(k−2))
1
p−1 , and again we get a contradiction if p < k
k−2 , since the right hand
side of (3.10) tends to 0 while m(2r)(2r)k−2 is a positive nondecreasing function. For p = k
k−2
we have the bound
(3.11) m(2r)(2r)k−2 ≤ C.
Let us consider the smooth radial function ψ(|x|) = α log |x|
|x|k−2
+ β, where α > 0 and β are to
be suitably chosen in order to compare ψ and u in Ω =
{
x ∈ RN : r1 < |x| < r2
}
. First note
that for |x| > r1 := exp
(
2k−3
(k−1)(k−2)
)
the function ψ is convex and decreasing. Hence, it is a
solution for |x| > r1 of the equation
(3.12) P+k (D
2ψ(|x|)) = ψ′′(|x|) + (k − 1)
ψ′(|x|)
|x|
= −α
(k − 2)
|x|k
.
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Moreover
P+k (D
2u(x)) ≤ −m
k
k−2 (|x|) ≤ −
m
k
k−2 (r1)r
k
1
|x|k
for |x| > r1.
We pick
α = min

m(r1)−m(r2)log r1
rk−21
− log r2
rk−22
,
m
k
k−2 (r1)r
k
1
k − 2

 and β = m(r2)− α log r2rk−22 .
In this way P+k (D
2u) ≤ P+k (D
2ψ) in Ω and u ≥ ψ on ∂Ω. By comparison we have
(3.13) m(2r) ≥ α
log(2r)
(2r)k−2
+ β for r1 < 2r < r2.
Taking into account that limr2→+∞m(r2) = 0, as a consequence of the bound (3.11), and
sending r2 → +∞ in (3.13) we obtain
m(2r) ≥ α∞
log(2r)
(2r)k−2
for any r >
r1
2
,
with α∞ = limr2→+∞ α > 0. This inequality is in contradiction with (3.11).
(2) Let µ > 0, β ∈ [ 1
p−1 ,
k−2
2 ) and let u(|x|) = C(µ + |x|
2)−β , where C = C(β, k, p) is a
positive constant to be determined. Since u′′(|x|) ≥ u
′(|x|)
|x| , u satisfies
P+k (D
2u(|x|)) + up(|x|) = u′′(|x|) +
k − 1
|x|
u′(|x|) + up(|x|)
= C(µ+ |x|2)−(β+1)
[
4β(β + 1)|x|2
µ+ |x|2
− 2βk +
Cp−1
(µ+ |x|2)β(p−1)−1
]
≤ C(µ+ |x|2)−(β+1)
[
2β(2β + 2− k) +
Cp−1
(µ+ |x|2)β(p−1)−1
]
≤ 0
if C = µβ−
1
p−1 (2β(k − 2− 2β))
1
p−1 .
(3) For p ≥ k+2
k−2 let u = u(|x|) be a radial solution of ∆u+ u
p = 0 in Rk, namely
(3.14)
{
u′′(r) + k−1
r
u′(r) = −up(r) for r > 0
u′(0) = 0.
We first note that u′′ ≥ u
′
r
for any r > 0. In fact setting v(r) = u′′(r)− u
′(r)
r
and using (3.14)
v′(r) =
(
−up(r)− k
u′(r)
r
)′
= −pup−1(r)u′(r)−
k
r
v(r)
≥ −
k
r
v(r)
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where in the last inequality we used that u′ ≤ 0, being u(|x|) in particular a radial superhar-
monic function. Hence the function v(r)rk is nondecreasing and v(r) ≥ 0 for any r ≥ 0.
Since u′′(r) ≥ u
′
r
, then for any x ∈ RN
P+k (D
2u(|x|)) + up(|x|) = u′′(|x|) +
k − 1
|x|
u′(|x|) + up(|x|) = 0.
In the case p = k+2
k−2 let us explicitly remark that
u(|x|) =
C
(µ+ |x|2)
k−2
2
,
where µ > 0 and C = (k(k − 2)µ)
k−2
4 .
(4) Assume by contradiction that such a solution exists. If for some r > 0 the inequality
u′′(r) < u
′
r
holds, then by the equation we have k u
′(r)
r
= −up(r). Reasoning as in the Lemma
2.2 we immediately obtain the contradiction u′′ ≥ u
′
r
. Hence u′′(r) ≥ u
′
r
and
(3.15) u′′(r) +
(k − 1)u′
r
= −up.
Now observe that a positive solution of (3.15) would be an entire radial solution in Rk of
∆u+ up = 0
which do not exists for p < k+2
k−2 by the classical result of Gidas and Spruck [13, Theorem
1.1]. 
4. Solutions in the half space
Proof of Theorem 1.4. For any positive α consider the initial value problem

v′′(t) + vp(t) = 0, t > 0
v(0) = 0
v′(0) = α .
Such a problem admits classical solutions depending on p and α, which are increasing in [0, τ ],
where τ = τ(α, p) and v′(τ) = 0, then decreasing in [τ, T ] with v(T ) = 0 and T = T (α, p).
Let us denote by vT (t) = vT (t;α, p) the T -periodic extension of v.
Now fix α > 0 and define u(x) = vT (xN ) for any x ∈ R
N
+ . By construction u = 0 on ∂R
N
+ and
lim
n→+∞
u(x′, nT + τ) = v(τ) = max
[0,T ]
v > 0
uniformly with respect to x′ ∈ RN−1. Hence u satisfies (1.6). Moreover in the set RN\Γ,
where Γ =
{
(x′, nT ) ∈ RN+ : n ∈ N
}
, u is a twice differentiable function such that
D2u(x) = diag[0, . . . , 0, v′′T (xN )], x ∈ R
N\Γ.
Since v′′T (xN ) < 0 then
P−k (D
2u(x)) + up(x) = v′′T (xN ) + v
p
T (xN ) = 0, x ∈ R
N\Γ.
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To complete the proof we show that u satisfies equation (1.5) also in Γ in the viscosity sense.
By periodicity it is sufficient to treat only the case xN = T . First we notice that u is trivially
a viscosity subsolution since there are no C2 test function touching u from above at (x′, T ).
Hence, we have only to prove the supersolution property. Let ϕ be a test function touching
u from below at (x′, T ). Since the restriction of ϕ to the (N − 1)-dimensional affine subspace
orthogonal to the xN -axis through (x
′, T ) has a maximum point in (x′, T ) equal to zero, i.e.
ϕ(x′ + tξ, T ) ≤ ϕ(x′, T ) = u(x′, T ) = 0
for t small enough and ξ ∈ RN−1, we can use the Courant-Fischer formula, as in the proof of
Theorem 1.2-(1), to conclude that the first N − 1 eigenvalues of D2ϕ(x′, T ) are nonpositive.
Since k < N , this implies
P−k (D
2ϕ(x′, T )) ≤ 0 = −ϕp(x′, T ).
It is worth to point out that by scaling the function u by u˜ = γ
2
p−1u(γx) we obtain solutions
of (1.5) satisfying for any c > 0 the condition lim sup
xN→+∞
u(x′, xN ) = c.

Lemma 4.1. For k < N , the function ϕ(x) = xN
|x|k
is a classical subsolution of
P+k (D
2ϕ(x)) = 0 in RN+
vanishing on ∂RN+\ {0}.
Proof. Using Lemma 2.3
λ1(D
2ϕ(x)) = −k
xN
|x|k+2
+
k2 xN
|x|k+2
−
√(
k2 xN
|x|k+2
)2
+ 4 k
2
|x|2k+2
(
1−
(
xN
|x|
)2)
2
λ2(D
2ϕ(x)) = . . . = λN−1(D
2ϕ) = −k
xN
|x|k+2
λN (D
2ϕ(x)) = −k
xN
|x|k+2
+
k2 xN
|x|k+2
+
√(
k2 xN
|x|k+2
)2
+ 4 k
2
|x|2k+2
(
1−
(
xN
|x|
)2)
2
.
Since k < N , then
P+k (D
2ϕ(x)) = −k2
xN
|x|k+2
+
k2 xN
|x|k+2
+
√(
k2 xN
|x|k+2
)2
+ 4 k
2
|x|2k+2
(
1−
(
xN
|x|
)2)
2
≥ 0.

Let us consider now nonnegative viscosity supersolution u ∈ LSC(RN+ ) of
(4.1) P+k (D
2ϕ(x)) = 0 in RN+ .
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By strong minimum principle Theorem 2.1, either u ≡ 0 or u > 0. Let us fix our attention
on the case u > 0. Eventually replacing u(x) by u(x′, xN + ε) for positive ε, we assume from
now on that u > 0 in RN+ . Let
(4.2) µ(r) = inf
Br∩RN+
u
xN
for r > 0. Since u > 0 on ∂RN+ , the infimum is in fact a minimum and there exists xˆ = xˆ(r)
such that µ(r) = u(xˆ)
xˆN
. We infer that xˆ ∈ ∂Br ∩ R
N
+ . Indeed let us assume by contradiction
that xˆ ∈ Br ∩ R
N
+ . Then the function v(x) = u(x) − µ(r)xN is nonnegative in Br ∩ R
N
+ ,
v(xˆ) = 0 and
P+k (D
2v) = P+k (D
2u) ≤ 0 in Br ∩R
N
+ .
The strong minimum principle yields the contradiction u ≡ 0. In particular u(x)
xN
cannot
achieves an interior minimum point in Br ∩R
N
+ , hence µ(r) is a decreasing function for r > 0.
Let 0 < r1 < r2 and let ϕ(x) = xN
(
c1
|x|k
+ c2
)
for x ∈ (Br2\Br1) ∩ R
N
+ . By Lemma 4.1,
we have P+k (D
2ϕ) ≥ 0 for c1 ≥ 0. Choosing c1, c2 in such that u ≥ ϕ on ∂((Br2\Br1) ∩ R
N
+ ),
we obtain by comparison the following version of Hadamard three circles theorem in the half
space, see [17, Theorem 2.7] for details.
Theorem 4.2. Let u ∈ LSC(RN+ ) be a nonnegative viscosity supersolution of P
+
k (D
2u) = 0
in RN+ . Then for every fixed 0 < r1 < r2 and any r1 ≤ r ≤ r2 one has
(4.3) µ(r) ≥
µ(r1)(r
−k − r−k2 ) + µ(r2)(r
−k
1 − r
−k)
r−k1 − r
−k
2
.
In particular the map
(4.4) r ∈ (0,+∞) 7→ µ(r)rk is nondecreasing.
Proof of Theorem 1.5. Observe that
P+k (D
2u) + up ≤ 0 in RN+ =⇒ ∆u+ u
p ≤ 0 in RN+ .
Hence for p ≤ N+1
N−1 the nonexistence result is proved (see e.g. [16]).
Fix p > N+1
N−1 and assume by contradiction that u > 0 in R
N
+ is a viscosity supersolution of
(4.5) P+k (D
2u) + up = 0 in RN+ .
For r > 0 let
ϕ(|x− (0′, 3r)|) =
(
min
Br((0′,3r))
u
)[
1−
[(|x− (0′, 3r)| − r)+]
3
r3
]
.
Following [17, Theorem 3.1]
min
RN+
(u− ϕ) = (u− ϕ)(x˜) ≤ 0,
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where x˜ = x˜(r) and r ≤ |x˜− (0′, 3r)| < 2r. Using ϕ as test function in (4.5) we get
up(x˜) ≤ −P+k (D
2ϕ(x˜)) = −k
ϕ′(|x˜− (0′, 3r)|)
|x˜− (0′, 3r)|
=
3k
r3
(|x˜− (0′, 3r)| − r)2
|x˜− (0′, 3r)|
(
min
Br((0′,3r))
u
)
≤
3k2k−2
r2
u(x˜),
where in the last inequality we used the monotonicity property expressed by Proposition 3.4.
In this way
(4.6) up−1(x˜) ≤
3k2k−2
r2
∀r > 0.
Since
u(x˜) =
u(x˜)
x˜N
x˜N ≥ rµ(5r),
from (4.6) we obtain
(4.7) rkµ(r) ≤
C
r
p+1
p−1
−k
,
where C = (3k2k−25p+1)
1
p−1 , which is in contradiction with the monotonicity property (4.4)
if k = 1 or if k > 1 and p < k+1
k−1 . 
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